Abstract. We describe the supersingular locus of the Siegel 3-fold with a parahoric level structure. We also study its higher dimensional generalization. Using this correspondence and a deep result of Li and Oort, we evaluate the number of the irreducible components of the supersingular locus of the Siegel moduli space A g,1,N for arbitrary g.
Introduction
Let p be a rational prime number. Let N ≥ 3 be a prime-to-p positive integer. We choose a primitive Nth root of unity ζ N in Q ⊂ C and an embedding Q ⊂ Q p . Let A g,1,N denote the moduli space over Z (p) [ζ N ] of g-dimensional principally polarized abelian varieties (A, λ, η) with a full symplectic level-N structure with respect to ζ N .
Let A 2, (1) ,N be the cover of A 2,1,N which parameterizes the objects (A, λ, η, H), where (A, λ, η) is an object in A 2,1,N and H ⊂ A[p] is a finite flat subgroup scheme of rank p. It is known that the moduli scheme A 2, (1) ,N has semi-stable reduction and the reduction A 2,(1),N ⊗ F p modulo p has two irreducible components. Let S 2,(1),N (resp. S 2,1,N ) denote the supersingular locus of the moduli space A 2,(1),N ⊗ F p (resp. A 2,1,N ⊗ F p ).
The supersingular locus S 2,1,N of the Siegel 3-fold is studied in Katsura and Oort [5] . We summarize the main results for S 2,1,N (the local results obtained earlier in Koblitz [7] ): Proof. See Koblitz [7, p.193 ] and Katsura-Oort [5, Section 2, Theorem 5.1, Theorem 5.3] .
In this paper we extend their results to S 2, (1) ,N . We show projective lines onto the superspecial points of S 2,1,N . Therefore, S 2, (1) ,N is the blow-up of S 2,1,N at all singular points.
By the basic fact that ζ(−1) = −1 12 and ζ(−3) = 1 120 , the number in (4) of Theorem 1.2 is that in (3) of Theorem 1.1, and the number in (2) of Theorem 1.2 is the sum of those in (2) and (3) of Theorem 1.1.
In the proof of Theorem 1.2 we see that • the set of certain superspecial points (the set Λ in Subsection 4.1) in S 2,p,N (classifying degree-p polarized supersingular abelian surfaces) is in bijection with the set of the irreducible components of S 2,1,N , and • the set of superspecial points in S 2,1,N is in bijection with the set of the irreducible components of S 2,p,N , furthermore • the supersingular locus S 2, (1) ,N provides the explicit link of this duality as a correspondence that performs simply through the blowing-ups and blowing-downs. In the second part of this paper we attempt to generalize the similar picture to higher dimensions.
Let g = 2ℓ be an even positive integer. Let H be the moduli space over Z (p) [ζ N ] which parameterizes the isogenies (ϕ :
The moduli space H together with the natural projections gives rise to a correspondence
Let H ⊗ F p be the reduction modulo p. Let S be the supersingular locus of H ⊗ F p , that is,
In the special case where g = 2, S is S 2,(1),N as in Theorem 1.2.
As the second main result of this paper, we obtain Theorem 1.3. Let Π 0 (S g,1,N ) denote the set of the irreducible components of S g,1,N . If g is odd, then we have
If g = 2ℓ is even, then we have
In the special case where g = 2, Theorem 1.3 recovers Theorem 1.1 (2) . We now give the idea of the proof. Let Λ g,1,N denote the set of the superspecial (geometric)
. These are finite sets and each member is defined over F p . By a result of Li and Oort [8] (also see Section 5), we know
One can use the mass formula due to Ekedahl [2] (see Section 3) to compute |Λ g,1,N |. Therefore, it remains to compute |Λ × Λ g,1,N of superspecial points, and then perform the correspondence computation; see Section 6 for details. Theorem 1.3 tells us how the size of Π 0 (S g,1,N ) varies when p varies. As another application, one can also use this result to compute the dimension of the space of Siegel cusp forms of certain level at p by the expected Jacquet-Langlands correspondence for symplectic groups. As far as the author knows, the latter for general g is not available yet in the literature.
The paper is organized as follows. In Section 2, we recall the basic definitions and properties of the Siegel moduli spaces and supersingular abelian varieties. In Section 3, we state the mass formula for superspecial principally polarized abelian varieties due to Ekedahl (and some others). The proof of Theorem 1.2 is given in Section 4. In Section 5, we describe the results of Li and Oort on the irreducible components of the supersingular locus. In Section 6, we construct a correspondence and use this to evaluate the number of the irreducible components of the supersingualr locus.
2 , a symplectic level-N structure with respect to ζ N is an isomorphism
such that the pull-back of the Weil pairing e λ is the standard alternating pairing via the trivialization ζ N . Let A g,d,N denote the moduli space over Z (p) [ζ N ] of g-dimensional polarized abelian varieties (A, λ, η) of degree d 2 with a full symplectic level N structure with respect to ζ N . Let S g,d,N denote the supersingular locus of the reduction A g,d,N ⊗ F p modulo p, which is the closed reduced subscheme of A g,d,N ⊗F p consisting of the supersingular points. Let Λ g,d,N denote the set of superspecial (geometric) points in S g,d,N ; it is a finite set and each element is defined over F p .
For a Noetherian scheme X, we denote by Π 0 (X) the set of irreducible components. Let k be an algebraically closed field of characteristic p.
2.2.
Over a ground field K of characteristic p, denote by α p the finite group scheme of rank p that is the kernel of the Frobenius endomorphism from the additive group G a to G a . More precisely,
where m is the group law. By definition, an elliptic curve E over K is called supersingular if E[p](K) = 0. An abelian variety A over K is called supersingular if it is isogenous to a product of supersingular elliptic curves. An abelian variety over K is called superspecial if it is isomorphic to a product of supersingular elliptic curves.
For any abelian variety A over K, the a-number of A (over K) is defined by
Theorem 2.2 (Deligne, Shioda). Let k be an algebraically closed field of characteristic p. For g ≥ 2, there is one g-dimensional superspecial abelian variety up to isomorphism over k.
The mass formula
Let Λ g denote the set of isomorphism classes of g-dimensional principally polarized superspecial abelian varieties over F p . Write 
Proof. This is elementary; see Subsection 4.6 of [11] .
Corollary 3.3. One has
4. Proof of Theorem 1.2 4.1. In this section we mostly consider the case where g = 2. Let
Note that Λ ⊂ Λ 2,p,N as any member A in Λ contains the subgroup α p × α p . For a point ξ in Λ, consider the space S ξ which parameterizes the isogenies of degree p
which preserve the polarizations and level structures. Let
be the morphism which sends (ϕ :
The following theorem is due to Katsura and Oort [5, Theorem 2.1 and Theorem 5.1]:
Theorem 4.1 (Katsura-Oort). Notation as above. The map ξ → V ξ gives rise to a bijection Λ ≃ Π 0 (S 2,1,N ) and one has
We will give a different way of evaluating |Λ| that is based on the geometric mass formula (see Corollary 4.6).
Dually we can consider the space S
with A ∈ A 2,1,N ⊗ F p , that preserve the level structures and ϕ
is also in Λ. Therefore, the map ξ → V ′ ξ also gives rise to an isomorphism Λ ≃ Π 0 (S 2,1,N ).
4.3.
We use the classical contravariant Dieudonné theory because we will need to work on finite group schemes as well, not just isogenies of abelian varieties. We refer the reader to Demazure [1] for basic account of this theory. Let K be a perfect field of characteristic p, W := W (K) the ring of Witt vectors over K, B(K) the fractional field of W (K). Let σ be the Frobenius map on B(K). A quasi-polarization on a Dieudonné module M here is a non-degenerate (meaning of non-zero discriminant) alternating pairing
(1) Let M be a separably quasi-polarized superspecial Dieudonné module over k of rank 4. Then there exists a W -basis
and the non-zero pairings (except switch) are
where
Let ξ be a point in Λ, and let M ξ be the Dieudonné module of ξ. Then there is a W -basis e 1 , e 2 , e 3 , e 4 for M ξ such that F e 1 = e 3 , F e 2 = e 4 , F e 3 = pe 1 , F e 4 = pe 2 , and the non-zero pairings (except switch) are 
The following result is due to Moret-Bailly [9, p.138-9] . We include a proof for the reader's convenience. Proof. Let , := 1 p , 0 ; so λ induces an alternating pairing
coincides with the dual lattice of M with respect to , . Then the condition ker λ ≃ α p × α p is equivalent to that that F and
Changing the notation, put M 0 := M 0 /pM 0 and let
be the induced perfect pairing. In M 0 , M t is equal to M ⊥ . Indeed,
Conversely, fix a polarized superspecial abelian surface (A, λ) with ker λ ≃ α p × α p . Then there are p 2 + 1 degree-p isogenies ϕ ′ : (A 0 , λ 0 ) → (A, λ) such that A 0 is superspecial and ϕ ′ * λ = p λ 0 . Indeed, each isogeny ϕ ′ always has the property ϕ ′ * λ = p λ 0 for a principal polarization λ 0 ; and there are |P 1 (F p 2 )| isogenies with A 0 superspecial.
4.5.
We denote by A ′ 2,(1),N the modul space which parameterizes the isogenies (ϕ ′ : A 1 → A 2 ) of degree p, where A 2 is an object in A 2,p,N and A 1 is an object in A 2,1,N , such that ϕ ′ * λ 2 = p λ 1 and ϕ
There is a natural isomorphism from A 2,(1),N to A 
This is well-known; the proof is elementary and omitted. Proof. This follows from Corollary 3.3 and (2) of Proposition 4.5.
Note that the evaluation of |Λ| here is different from that given in Katsura-Oort [5] . Their method does not reply on the mass formula but the computation is more complicated. Theorem 1.2 follows from Subsection 4.5, Proposition 4.5 and Corollary 4.6. As a byproduct, we obtain the description of the supersingular locus S 2,p,N . (4) The natural morphism pr 1 : S 2,(1),N → S 2,p,N contracts |Λ| projective lines onto the singular locus of S 2,p,N . Therefore, S 2,(1),N is the blow-up of S 2,p,N at all singular points.
The class numbers H n (p, 1) and H n (1, p)
In this section we describe the arithmetic part of the results in Li and Oort [8] . Our references are Ibukiyama-Katsura-Oort [4, Section 2] and Li-Oort [8, Section 4] .
Let B be the definite quaternion algebra over Q with discriminant p, and O be a maximal order of B. Let V = B ⊕n , regarded as a left B-module of row vectors, and let ψ(x, y) = n i=1 x iȳi be the standard Hermitian form on V , where y i →ȳ i is the canonical involution on B. Let G be the group of ψ-similitudes over Q; its group of Q-point is
⊕n which are equivalent to each other locally at every finite place v. Let
where r is the integer given by [n/2], π is a uniformizer in O p , and ξ is an element in GL n (B p ) such that ξξ t = anti-diag{1, 1, . . . , 1}. Recall (Section 3) that Λ g is the set of isomorphism classes of g-dimensional principally polarized superspecial abelian varieties over F p . When g = 2ℓ > 0 is even, we denote Λ * g,p ℓ the set of isomorphism classes of g-dimensional polarized superspecial abelian varieties (A, λ) of degree p 2ℓ over F p satisfying ker λ = A[F ]. Let A g,1 be the coarse moduli scheme of g-dimensional principally polarized abelian varieties, and let S g,1 be the supersingular locus of A g,1 ⊗ F p . Denote by Π 0 (S g,1 ) the set of irreducible components of S g,1 .
Theorem 5.2 (Li-Oort).
The arithmetic part for Π 0 (S g,1 ) is given by the following 6. Correspondence computation 6.1. Let M 0 be a superspecial Dieudonné module over k of rank 2g, and let
Let Gr(n, m) be the Grassmanian variety of n-dimensional subspaces in an m-dimensional vector space. Suppose M 1 is a Dieudonné submodule of M 0 such that 
Therefore,
• M 1 gives rise to an element in Gr(r, g)(F p 2 ).
6.2. Let L(n, 2n) be the Lagrangian variety of maximal isotropic subspaces in a 2n-dimensional vector space with a non-degenerated alternating form.
From now on g = 2ℓ is an even positive integer. Let Λ * g,p ℓ ,N denote the set of superspecial
and (M 1 , , 1 ) be the associated Dieudonné module. There is a W -basis e 1 , . . . , e 2g for M 1 such that for 1 ≤ i ≤ g F e i = e g+i , F e g+i = pe i , and the non-zero pairings (except switch) are
Proof. Use the same argument of Lemma 4.2 (2). 6.3. Let H be the moduli space over F p which parameterizes the isogenies (ϕ :
The moduli space H together with the natural projections gives rise to a correspondence H
Note that pr −1 2 (S g,1,N ) = S as supersingular abelian varieties are preserved under isogenies. We also have the correspondence
In the special case where g = 2, S is S 2,(1),N as in Theorem 1.2. Suppose now that A 1 ∈ Λ * g,p ℓ ,N . Let (ϕ : A 1 → A 2 ) ∈ S(k) be a point in the pre-image pr −1 1 (A 1 ), and let (M 2 , , 2 ) be the Dieudonné module associated to A 2 . We have
Since A 1 is superspecial and , 2 is a perfect pairing on M 2 , we get
Therefore, we have
which is perfect. Furthermore, M 2 /V M 1 is a maximal isotropic subspace for the pairing , . This is because , 2 is a perfect pairing on M 2 and dim M 2 /V M 1 = ℓ is the maximal dimension of isotropic subspaces. By Lemma 6.1, we have proved
is naturally isomorphic to the projective variety L(ℓ, 2ℓ) over k.
(2) Let (ϕ : A 1 → A 2 ) ∈ S(k) be a point in the pre-image pr
, where x 2 is in Λ g,1,N . Let A 2 ∈ Λ g,1,N and (M 2 , , 2 ) be the associated Dieudonné module. Let (ϕ : A 1 → A 2 ) ∈ S(k) be a point in the pre-image pr −1 2 (A 2 ), and let (M 1 , , 1 ) be the Dieudonné module associated to 
We can write
One computes
This computation leads us the following definition.
Let
Let X(n, 2n)(K) be the space of n-dimensional (maximal) isotropic subspaces in V K with respect to the pairing , ′ . With the computation in Subsection 6.4 and Lemma 6.1, we prove Proposition 6.4. Notation as above.
(1) The fiber pr −1
2 (x 2 ) with x 2 ∈ Λ g,1,N is naturally isomorphic to the projective variety X(n, 2n) over k.
(2) The set of the elements (ϕ :
is in bijection with X(n, 2n)(F p 2 ).
When g = 2, Proposition 6.4 (2) is a result of Moret-Bailly (Lemma 4.3).
6.6. In order to compute X(n, 2n)(F p 2 ), we will translate it into the set of rational points of a homogeneous space under the quasi-split group U(n, n).
Let V = F 2n p 2 and let x →x be the involution of F p 2 over F p . Let ψ((x i ), (y i )) = i x iȳi be the standard Hermitian form on V . For any field K ⊃ F p , we put V K := V ⊗ Fp K and ψ extends a from ψ :
Let U(n, n) be the group of automorphisms of V which preserves the Hermitian form ψ. Let LU(n, 2n)(K) be the space of n-dimensional (maximal) isotropic subspaces in V K with respect to ψ. LU(n, 2n) is a projective scheme over F p of finite type, and it is a homogeneous space under U(n, n). By definition, we have
However, the space LU(n, 2n) is not isomorphic to the space X(n, 2n) over k.
Let Λ be the subset of S consisting of the elements (ϕ : A 1 → A 2 ), where A 1 ∈ Λ * g,p ℓ ,N and A 2 ∈ Λ g,1,N . We have natural projections
By Propositions 6.3 and 6.4, and Subsection 6.6, we prove Proposition 6.5. Notation as above, one has
Proof. In Section 7, we compute that 
Note that the result of Li and Oort is formulated for the coarse moduli space S g,1 , however, imposing the prime-to-p level structure does not play a role on their results. Theorem 1.3 then follows from Theorem 3.1, Lemma 3.2 and Theorem 6.6.
7. L(n, 2n)(F q ) and LU(n, 2n)(F q ) Let L(n, 2n) be the Lagrangian variety of maximal isotropic subspaces in a 2n-dimensional vector space V 0 with a non-degenerated alternating form ψ 0 .
Proof. Let e 1 , . . . , e 2n be the standard symplectic basis for V 0 . The group Sp 2n (F q ) acts transitively on the space L(n, 2n)(F q ). For h ∈ Sp 2n (F q ), the map h → {he 1 , . . . he 2n } induces a bijection between Sp 2n (F q ) and the set B(n) of ordered symplectic bases {v 1 , . . . , v 2n } for V 0 . The first vector v 1 has q 2n −1 choices. The first companion vector v n+1 has (q 2n −q 2n−1 )/(q−1) choices as it does not lie in the hyperplane v ⊥ 1 and we require ψ 0 (v 1 , v n+1 ) = 1. The remaining ordered symplectic basis can be chosen from the complement F q < v 1 , v n+1 > ⊥ . Therefore, we prove the recursive formula
From this, we get
Let P be the stabilizer of the standard maximal isotropic subspace F q < e 1 , . . . , e n >. It is easy to see that
The matrix BA t is symmetric and the space of n × n symmetric matrices has dimension (n 2 + n)/2. This yields
as one has
q 2 and let x →x = x q be the involution of F q 2 over F q . Let ψ((x i ), (y i )) = i x iȳi be the standard Hermitian form on V . For any field K ⊃ F q , we put V K := V ⊗ Fp K and ψ extends a from ψ :
Let U(n, n) be the group of automorphisms of V which preserves the Hermitian form ψ. Let LU(n, 2n)(K) be the space of n-dimensional (maximal) isotropic subspaces in V K with respect to ψ. LU(n, 2n) is a homogeneous space under U(n, n). This completes the proof. Proof. We can choose a new basis e 1 , . . . , e 2n for V such that the non-zero pairings are ψ(e i , e n+i ) = ψ(e n+i , e i ) = 1, ∀ 1 ≤ i ≤ n.
The representing matrix for ψ with respect to {e 1 , . . . , e 2n } is J = 0 I n I n 0 .
Let P be the stabilizer of the standard maximal isotropic subspace F q 2 < e 1 , . . . , e n >. It is easy to see that P = A B 0 D ; AD * = I n , BA * + AB * = 0 .
The matrix BA * is skew-Hermitian and the space of n × n skew-Hermitian matrices has dimension n 2 over F q . Indeed, the entries in the diagonal are in the kernel of the trace, and there are (n 2 − n)/2 entries in the upper triangular that are in F q 2 . Hence,
(q 2i − 1).
We now compute |U(n, n)(F q )|. For h ∈ U(n, n)(F q ), the map h → {he 1 , . . . , he 2n } gives a bijection between U(n, n)(F q ) and the set B(n) of ordered bases {v 1 , . . . , v 2n } for which the representing matrix of ψ is J. choices. In conclusion, we prove the recursive formula |U(n, n)(F q )| = (q 2n − 1)(q 2n−1 + 1)q 4n−3 |U(n − 1, n − 1)(F q )|.
It follows that |U(n, n)(F q )| = q 2n 2 −n n i=1 (q 2i − 1)(q 2i−1 + 1).
Since LU(n, 2n)(F q ) ≃ U(n, n)(F q )/P , we get |LU(n, 2n)(F q )| = n i=1 (q 2i−1 + 1).
